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TR450
ABSTRACT-

An experimental system has been constructed which simulates the
detection stage of a receiver. .With the application of periodic bursts of
sine-wave plus Gaussian noise at the input, the output of this syster: is ..
non-stationary random process. The addition of noise to the signal suppresses
the mean at the output for the half-wave linear detector. However, the mean
is unchanged for the half-wave square-law detector. The non-stationary
variance is seen to vary between two values which can be easily measured.
Output signal-to-noise ratio is greater for the half-wave square-law device
than for the half-wave linear device. Addition of a .clipper to the half-wave
linear device decreases the signal-to-noise ratio. Detection characteristics
of the half-wave linear and half-wave square-law devices are found to be

equivalent and the clipper degrades the detection characteristic.
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INTERACTION OF SIGNAL AND NOISE
IN A NONLINEAR SYSTEM
by

‘P. Trafton and D.- W. Tufts

- Division of Engineering and Applied Physics

Harvard University, Cambridge, Massachusetts

I. INTRODUCTION
A classical problem in communication theory is the specification of the
random output of two linear filters separated by a. zero-memory, nonlinear

element when excited by noise and signal plus noise, as shown in Fig. 1 below.

s(t)+n(t) Zero-Memory
inear ) g Linear
e Ll mab ol na ol

FIG.1. Model of a Nonlinear Filter

In most problems of interest, the firet filter is a narrow-band filter
which is centered at a high frequency, and the second is a low-pass filter.
The noise, n(t), is assumed to have Gzussian st.atistics, and the signal, s(t),
is often a burst of sine-wave.

Tht; analytical problems encountered in this type of problem are very
formidable and only limited theoretical results are available. For example, the
problem of finding the output amplitude distribution function is, in gereral, un-

solved. In most cases, the first two moments of the output can be found only

approximately, and then only with difficulty.
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Considerable theory exists fo:r so-called envelope detectors with

- Gaussian inputs. In this gituation, the output of the narrow-band filter is
represented in the form: E(t) cos [uot +a(t) ], where w, is the center fre-
quency of the filter. The random envelope and random phase of the process ares
E(t) and a{t) , 'J-espectively. The distribution function of E(t) is known
when the input consists of Gaussian noise or sine-wave plus Gaussian noisz.
With noise alone, E(t) has a Rayleigh distribution; and for sine-wave plus

noise, E(t) has a modified Rayleigh distribution. An "envelope detector" is
| assumed to recover- E(t) or some power of E(t) at its output. Thus, the
output. statistics are known, A half-wave linear element followed by an ideal
low-pass filter can function as an envelope detector, if the low-pass filter
passes E(t) exactly and rejects all harmonics of the input. This theory, how-
ever, is not applicable if, for example, the low-pass filter does some filtering
of E(t) . Also, this theory is not applicable if the nonlinear element is other
than linear or square-law. Both these situations are explored in this report.

Power spectrum analyses of this system have been made by Rice[l] and

Middleton [8], among others, and the essential results are given by Davenport
and Root [2]. These analyses lsad t~» series approximations, in most cases,
for the auto-correlation functions and low-frequency power spectra. From this,
the first two moments may be obtained. Experimental measurements of the low-
frequency auto-correlation function and power spectrum for a variety of non-
linearities have been performed by Johnson and Fellows under the direction of
Middleton [8]. In all the above investigations, the input is often. Gaussian noise

or sine-wave plus Gaussian noise.

|
|
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Attempts to find the output density functions have been made in a series
of papers by Kac, Siegert, and Emerson [3,4,5] . For a square-law non-
linearity, Kac and Siegert obtain the output characteristic function but inversion
of it is extremely difficult. Emerson obtains the output cumulants and uses
these to approximate the density function by a series with Gaussian noise and
sine-wave plus Gaussian noise as inputs. The filters are assumed t have
Gaussian-shaped amplitude responses.

In view of the analytical difficulties in this area, an experimental
apparatus has been constructed. This apparatus permits us to study various
attributes of the randcm output of Fig. 1 and, in particular, the first two
moments and the amplitude distribution function. A wide range of nonlinearities

are being considered.

II. SYSTEM DESCRIPTION

The diagram in Fig. 2 illustrates the experimental system that is
being studied. The time base for the system is a 1Kc pulse train produced
by the counter. This pulse train acts as an external trigger for the pulse
generator which then produces two pulse trains. One of these is a periodic
1 Kc sequence of rectangular pulses of controllatie width which triggers a
gate circuit. Since the input to the gate is a continuous 130 Kc ‘sine-wave,
the output, s (t), of the gate is a periodic burst of sine-wave. This 1s the
signal. The second pulse train produced by the pulse generator is delayed

with respect to the first, This delayed pulse train triggers the sampler at
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‘the output of the_system. Thus, the output may be sampled at any point in
time with respect to the time of occurrence of the leading edge of a signal
pulse.

The pre-detection filter and low-pass filter are charzcterized by their
amplitude frequency response curves and examples of these are shown in
Figs. 3and 4. The pre-detection filter consists of two second-orde~ tunad
circuits in series and the low-pass filter i8 fourth-order (SKL Model 302).
Both filters have adjustable bandwidths. The pre-detection fiiter periorms
an adding operation so that its output, x(t), is a sum of filtered. signal plus
noise. Also, for the low-pass filter, |H(0)| =0 ; i.e., there is no
transmission at zero frequency.

The stationary noise voltage, n(t), is generated by a gas tube and is
very nearly Gaussian. It is not exactly Gaussian because extremely large
voltage excursions are clipped, an unavoidable effect in an actual physical
system. Its power spectrum is flat across the frequency range of the pre-
detection filter.

The nonlinear element is realized by a so-called photo-former
This is a unit in which a cathode-ray oscilloscope tube (CRT) is the main

component. The following diagram illustrates its operation.
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CRT Photomultiplier Tube
Mask
\ Beam ‘) /
Oscilloscope
Vertical
Arnplifier

.FIG. 5 -‘Photo-former .Circuit

The :CRT spot. is positioned to be just below the edge of the mask. If
the .vlpot,move-s lower, the increased light reaching the photo-tube moves the
.spot up. If the spot moves up behind the mask, the reduced light. moves the
_.spot.down. The spot, therefore, stays at the edge of the mask. . As the
spot is.swept horizontally by the .oscilloscope.sweep circuit, it follows the
edge of the mask, tracing out the pattern.-Any arbitrary function can be
generated by cutting out.the proper mask and placing it over-the CRT face.
The input signal plus noise is then applied to the horizontal input and the out-
put waveform is then obtained from the vertical output. This unit has been
found to work satisfactorily if the input frequency is moderate (less than
200Kc).

The .elements following the low-pass filter are used in performing

measurements and will be discussed in the next.section.
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III. MEASUREMENT TECHNIQUES

1. Measurement of the Amplitude Distribution Function

If a fixed periodic signal plus stationary noise is applied to the input

of the system of Fig. 1, then the output is a non-stationary random p;ocess.
Thus, the amplitude distribution function varies as the sampling instant i-
varied, and in our case (cf. Fig. 2) this variation is periodic. The ..ieasure-
‘ment is performed by usirg a threshold comparator, sampler, and counter as
shown in Fig. 2. The threshold comparator can be set either to pass the out-
put waveform unchanged except for an arbitrary dc voltage added or it
supplies a controllable dc voltage to -the sampler. In this latter case, the
sampler (a high-speed transistor gate of 2usec duration) samples a dc
voltage at.a. 1 Kc rate. The threshold on the counter is then adjusted to court
at this level. Then the random waveform is.applied to the sampler and the
counter indicates the number of samples out of 10, 000 that exceed the thres-
hold (there is.a 10 sec counting interval). Thus, we have an experimental
measurement of 1--F(z) at some time t from which F(z) is obtained where
F(z) is the amplitude distribution function. By varying the thresho:d settings,
we obtain F(z) over the range of interest. Then the sampling tin - is
changed and the measurement is repeated. Thus we measure the evolution

in time of the amplitude distribution function.

2. Measurement of the Mean

In the presence of periodic signal plus stationary noise at the input,

the mean value of the output of Fig. 1 also varies periodically in time. The
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measurement of the mean can be done very simply by passing the samples .of
Fig. 2 directly into a sensitive galvanometer. A simple calibration is performed

by passing samples of fixed and known amplitudes into the galvanometer.

3. Measurement of the Variance

The variance of the output of Fig. 1 is also a periodic non-stationary

function. The measurement of the non-stationary variance of the sz aples is
.somewhat more difficult than measurement of the mean or amplitude distribution
function and requires special instrumentation. This is because it is very
difficult to find an instrument that can perform accurate power measurements
on pulses that are very narrow compared with their amplitudes. Measure-
ment of the variance is, of course, a power measurement. To circwavent

this problem, a sample and hold circuit. (cf. Fig. 2) is employed. This preserves
the amplitude but extends the duration of the samples and it is relatively easy

to find an RMS meter that can perform accurate measurements on this new
waveform. The following diagram illustrates the operation of the sample and

hold circuit.

. input

Output

FIG. 6 Input and Output Waveforms of Sample and Hold Circuit
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-Sampling is performed once.every Ilmsec. The sampling duration
is 2 ysec and the hold duration is 998 usec. Thus, we generate pulses .of
fixed duration and random amplitude.

Let us designate the value of z(t) at each sampling instant by Ai
where i designates the sampling time. This value, A, is held for the
-entire period of the .output. Ai is, of course, a random variable ar- we desire

.to. measure its variance; i.e.,

N
var (A) = N o ﬂ' Z (A -I) where A = N-’oo z (3-1)
i=1 i=1

Following well- known methods [1, 2], we can.easily find the power
:spectrum of the output of the. sample and hold circuit.

. 2 T

sin
plw)= 4 vv‘rr (A’ 21— + K% (w) (3-2)

where T = 1msec in our.system.
Suppose now that we put this waveform into an RMS meter. What does
the meter measure?.First of all, the delta function is rejected since the meter

‘being used rejects zero frequency. Thus, the meter measures the fcllowing:

o . 2T
_ [4var(A) sin =5—
RMS = /rS p(u)do = —2—;_';-— S T—— dw (3-3)
- QD .

The integral is a tabulated one and equals ¥ T/2.

&+ RMS = Jiz?a}-(—& -'—23- = \/var (A) (3-4)
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Thus, we read exactly what we wish since var(A) is the variance of the
sample amplitudes. Since the sample and hold operation may be done at any
.point in time, the variance can be measured as a function of time.

The accuracy of the variance circuit can be easily checked by the
ergodic theorem. If a stationary, zero mean noise voltage is .applied to the
RMS meter, the time average of the variance is measured. If the s: me noise
voltage is passed through the sample and hold circuit.and then applied to the
RMS meter, then the ensemble average of the variance is measured. By
ergodicity, these two measurements must be equal. The .sample and hold
measurement is always low by 2 -3 % . Taking this into account, the error
in the variance measurement can be made very small.

It may be noted that the sample and hold waveform has the same
statistics as the.samples. Thus, we may perform further measurements on

it to obtain, for example, higher moments.

IV. THEORETICAL AND EXPERIMENTAL RESULTS FOR THE MEAN

It is possible to derive some analytical results concerning the behavior

of the mean. Consider the following system: ¢

x(t) Zero-memory
— Nonlinear ) (t)
Element y

FIG, 7 Nonlinear Element .
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Assuming x(t) to be.the output of a narrow-band filter centered at
frequency fo , we can express x(t) as follows:

x(t) = E(t)cos [Z_I_fot,fa (t)] (4-1)
E(t) is the random envelope and a (t) .the random phase of x(t). We

.represent the nonlinear operation as follows:

y = £(x) (4-2)

or

y .= f(Ecosf) where 0 = 2¢ ftto (4-3)
Following a currently popular technique [6,7] , we expand y into a Fourier

cosine._series since y . is an even periodic function.of 0 .

o y.= 11- a, ta, cosf + ‘a,cos 20 +... (4-4)
and
25
B a = -é- 5’ f (Ecosf) cos nf df (4-5)
0

iWe are interested in the .a  term in y .since the output.is terminated by a
low-pass filter.
Consider now a-specific nonlinearity, namely, a half-wave linear

.element. This device.is specified as follows:

{f (Ecosb)

‘Ecosd , Ecosb> 0

(4-6)

0, Ecosf < 0

f (Ecosf)

and, of course, E(t) > 0.
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x/2 ‘
a, = -% S‘ Ecos 0 d = -Zi?— (4-7)
0 i
ey(t) = —g—l (Ignoring high-frequency terms) (4-8)
y(ty = Eit) (4-9)

where the overbar indicates statistical averaging.

If the input noise to the narrow-band filtzr is.Gaussian, then E(t)
,is known to have a-Rayleigh distribution in the presence of noise only. In the
presence of sine-wave plus-Gaussian noise, E(t) is known to have a modified
Rayleigh distribution. The means for both situations are known.

In the absence of.sine-wave:

EO =E =/ ¢ (4-10)
In the presence of sine-wave ; 2
Tl 2 2 2 2
Ble) - T 40 A A A A
E(t)=E_, =/ X ce (1+ I )"'—z" I ( ﬂ
s+n 2 [ ch2> .o(;:z 20 1 4‘2( |
4-11

where A is the amplitude .of the input sine-wave and o is the RMS noise
power at.the input of the nonlinearity. .Io and I1 are modified Bessel

functions of orders zero and one, respectively

Sy () = — (4-12)

VIT
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-and 2
A
32 2 2 2 2
T (6= ¥ (1+_TA 1 (A5) + A1 (25 )] 4-13
y_.+n V’Zi: ¢ [ 2¢ ) 0(4‘ ) ‘ 2¢ 1 (4‘ ‘ )

At this point, it is convenient to define a signal-to-noise-ratio. Let

p = A,z,/ltz . This gives the ratio of the. mean .square of the sine-wave to the

.mean:square of the noise. Therefore, .
Yainlt) = ——= e“% [+p) T (£r+p1 (5] (4-14)
’ ? 4

In our experimental apparatus, the time interval during which the sine-
‘wave is on is lmall‘compa:;ed to the period of the.signal (100 usec vs. 1 msec).
On a time average basis, therefore, the mean is very nearly y {t) .
However, the low-pass filter does not transmit zero frequency;and-so the mean

at the filter output.is the response of the filter to the difference of the mean

with and without signal. The following diagrams illustrate this behavior.

N [Yl-l-n( t)

~N

>t

FIG. 8 Mean of y(t) Ignoring High-Frequency Terms
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Subtracting out.the iime average of the mean, we obtain:

_ “n(t) -vn(t)

FIG. 9 ‘Waveform of FIG. 8 Minus yn(t)

Let.the output of the low-pass filter be z(t) . Therefore,

00
z(t) = S y(r)h(t-g)dr (4-15)
- 00

and
@
S y(r)h(t-7)dr (4-16)

=00

N
—
P
L4
il

where

Y1) = ygunlt) - v (1) (4-17)

An interesting behavior of the mean for a half-wave linear.element

.can now be demonstrated.

Vi e B [A+p)I (5)+p 1 (8] - \/;_ (4-18)
! |

o

yi{r) =
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Suppose now that p—+o, i.e., 0 = 0. Using the asymptotic behavior

of the modified Bessel functions 'I.o and I, , it.can be easily shown that

y(r)~ -":‘- . If this pulse is the input mean to the low-pass fiiter, then we

call the output mean the mean without noise. Further, -;(—-r-,-)_ia.mongtonic

in p . Therefore, if we fix A and .o is either zero or:some non-zero

.constant, then y.(7) with noise (o # 0) is less than ,yT‘r-).;without. ~0is:

(¢ =0). This is a sufficient condition to prove that the mean, z(t), at the

output.of the low-pass filter is always.suppressed in the presence of noise,

I ;Ft—) .is the output mean in the absence of noise and .z:;;—(_t—i is the out-

put. mean in.the presence of noise, then the following is. true:

la

2.t < |z ()] (4-19)

and furthermore, z—;; {t) = K'-z-:(_t—)- where K is less than one and can be
.calculated.as a function.of p .

In Figs.14a,b.at the end of this report, experimental curves are shown
demonstrating this.effect along with experimental and calculated values for K,
the anppreuion factor. The low-pass filter has been set to give considerable
filtering of the.signal envelope. Pre-detection 3.dB bandwidth is 15Xc and
low-pass.3.dB bandwidth is 8 Kc.

Let us now consider the .case where the nonlinea(r element is 2 half-
-wave.square-law device. In this case, |

2

f(Ecosf) = E cosZQ, Ecos >0

(4-20)
f(Ecosf) = 6, Ecosf< 0

g i
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‘Proceeding as before, we find

I Py
ao"'f'E

and

y(t) = %— E? (t) (Iguoring high-frequency terms)

In the absence of sine-wave:

—————

2
Y () = &% =

g

— ——
4 Z

In tke presence of sine-wave:

_— 1 2. 1 ,,2..2
Ys+n(t) - TEs+n(t)‘ - f (A" + 207)

and

2
PMORIACES =

Thus, the ouiput mean is the same both with and without noise, 1

zs+n(t) = zs(t)

.In Fig. 15 at the end of this report, experimental curves are ~hown

demonstrating the above result,

Now suppose that a half-wave linear with clipping charactzris‘ic is

used as follows: y

///r

e

N

AV

FIG. 10 Half-wave Linear Characteristic with Clipping

(2~21)

14_22)

{4-23)

(4-24)

{4-25)}
This leads to.an interesting result since the above is independent of the ncise.

#h {0 h

fu"

-
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Proceeding as before, we find

-Alz |-

y{t) E(t), 0< E(t)< N

y(t) , E(t) > N

The density functions of E(t) with and without signal appear as

follows

)

s+n
P(E )

P(E

N

FIG. 11 Density ‘Functions of E(t) With and Without Signal

Inspection of this .diagram shows that _Es +n -_E—n is less now than when
the clipper is absent although the amount cannot be calculated exactly. This
indicates additional suppression of the mean with the addition of the clipper.

InFigs.l4ab data showing this effect are given. The clipper passes
signal without noise unchanged. Therefore, the curves of mean without noise
are identical to those for the half-wave linear device. The mean with noise,
however, is. somewhat further suppressed below that of the unclipped
detector.

It. should be pointed out that the dc rejection of the low-pass filter
does not produce the above effects but instead displays them. The important
point is that the time-varying response of the mean behaves as shown regardless

of any dc values that may or may not be present.
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V. THEORETICAL AND EXPERIMENTAL RESULTS FOR THE VARIANCE

In the presence of a burst of sine-wave, the output of the nonlinear
element, y(t), (cf. Fig. 2) has a non-stationary auto-correlation function
which we.designate as Ry(_t1 ’ tz) . However, if we concern ourselves with
the low-frequency part of y(t), namely ‘E(t) or some power or modified
version of it, then E(t) is a stationary process for noise alone as input or
for sine-wave plus noise as input. Thus, the low-frequency output is, so to

speak, "piecewise" stationary. The following diagram of the tst, plane

.shows the behavior of the low-frequency auto-correlation function as we switch

from noise to signal plus noise.

R R!
Rn(‘l‘) bl 3~+n(7) s (tl ) ¥o
8 (tz) =0
} t
R {7) !
o Rs+n"(7)
8 (tl«) =0
8{t,)70 \f t)=t,
t

FIG. 12 Diagram Pertaining to a.Comparison of Ry(t1 y ty ): With and. Without
-Signal )
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‘Sine-wave is turned on at tl =t, = 0. R" +n(7) designates that

s (tl) { 0, s (tz)=0 , or vice-versa. This behavior occurs in the first and

third quadrants. Ry(tl R tz) is stationary in each quadrant of the t b,

plane, i.e., Ry(tl » ) = R)r () where 7=t, -t, . We can express the

variance at the output of the low-pass filter as iollows:

@ o
var {z(t)} =S S ’Ry (tl , tz)h(t-tl) h(t-tz) de, dt, (5-1)

-00 -0
In problems of this sort, it can be shown that the auto-correlation
function can be written in a series [2], the first term of which produces the
squared mean at the low-pass output. In what follows, we assume that this
term has been subtracted out, so that the above gives the variance and not
the mean square of the output.

We can rewrite Eq. (5-1) as follows:

8

oo a0 o
var {z (t)} = S S Rn(-r) h(t—tl) hit-tz) dtl dt2+S
-Q0 -00 o

o Lmy

@® o
.- -2 S S :R's+n(1) h (t-tl) h (t-tz) dt1 dtz {5-2)
-oo

o
The first term may be rewritten as

a0
g ;Pn(w)r IH(w)l2 dw (5~3)

-Q0

[Rg o (7)-R ()] h{t-t, hi{t-t)dyde,
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where rPn(u) and H(w) are the Fourier transforms of Rn(f) and h{y),
respectively. This term is recognized as the steady-state response of the
variance at the low-pass output when only noise is present in the system.

The second term may be written as

o)
S [P, W - P W] [Hi,0]d (5-4)
-ao
where
t -
Hiwy?) .= S h(x) e ¥ gx (5-5)
o

This term is a function of time as is the third term.

For t <0, the variance is given by the following
ac
var {z(t)} = S P_(v) [H(u)lz dw (5-6)
-0o

This is the stationary variance of the n(t) process at the output of the low-
pass filter assuming that n(t) has existed at.the.input for a time interval
greater than the memory of the low-pass filter.

As t— o0, assuming that the .s(t) + n(t) process is left on for
a time greater than the memory of the low-pass filter, the variance is given

by the following

a0
var {Z(t)} = S )P“n(u)uIH(u)Iz dw (5-7)
-00
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This is the stationary variance of the s(t) + n(t) process at the output of
the low-pass filter.

The low-frequency variance at the output of the half-wave nonlinear

element will, in general, have the following form

/T\var (y(t))

A\ 4

FIG. i3 Variance of y(t) Ignoring High-Frequency Terms

If the low-pass filter had sufficiently wide bandwidth, then the output
variance would have the same form as above, i.e., the low-pass filter would

completely pass the low-frequency spectrum. However, if the low-frequency

.spectrum is filtered, then this form will not be preserved. Experimental

data for the variance are.shown in Fig. 16 for the half-wave linear element.

If only noise is present at the input, then the output variance is given by

Eq. (5-6) and is shown experimentally by the line labeled "noise alone. "

If the signal were left on indefinitely, i.e., the inputis sine-wave plus noise,
then the output variance would be a constant given by ‘Eq. (5-7) and is shown
experimentally by the line labeled "sine-wave plus noise.”" Thus, the non-

stationary variance is seen to equal the value given by Eq. (5-6) before the
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signal burst. occurs .and then increases toward the value given by; Eq. (5-7)
when the_signal burst is applied. Then, when the signal is turned off, the
variance .returns to the value given by. Eq. (5-6).
If the. signal burst. were left on for a sufficient length of time, then we
would expect the non-stationary variance to attain the value given by Eq. (5-7).
That this actually occurs is shown in Fig. 17 where the burst. was left on for
a longer time but.all other parameters were unchanged.
In Figs. 18 and 19 are shown the variance curves for the half-wave
Jinear with clipping and half-wave -square law devices. The.clipper reduces
the variance, as .expected, and the half-wave square law device .exhibits a

very pronounced increase in the variance during the time-varying response.
f

VI. THE MEAN SQUARE
A measurement of the mean square has not been considered necessary.

The mean square of the output, z(t), is given by the following:

22(t) = z(t) + var{z (t)} (6-1)

;Since the mean and the variance .can be accurately measured, the mean square
may be calculated. Experimental data on the mean square are given in

Figs. 20,.21, 22. Since the squared mean is positive and the variance was
not observed to go below its value for noise alone as input, it is seen that

the output mean square is increased in the presence of signal. This can be

used as a basis for detecting a.signal.
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VIIl. AMPLITUDE DISTRIBUTION FUNCTION
‘Purely theoretical results for the amplitude distribution function are
difficult to obtain. This is the problem of passing a non-dauahn process
through a linear filter and calculating the output distribution function. This
is an unsolved problem.
At.this stage .of our:york, the amplitude distribution functions have
been measured. for the nonlinearities already mentioned. The envelope has a
Rayleigh density but with filtering of the.low-frequencies, the density is
ynknown.
Figures 23a,23b and 24 show the measured amplitude distributiox;
functions, or, to be exact, one minus the di-tribution function. At 180pusec
delay with respect.to the leading edge .of the input pulse, the.effect of the
.signal is not present.and the distribution function of noise is measured. At
280 y sec delay, the maxilmumaof the output. mean occurs. . The distribution
function is.shifted.to the right due to the.change in the mean and also is seen
to.have .an .i,ncreued.lpread, .indicating an increase in the variance. Both
of these .observations are consistent with the data for the mean and variance.
If Gaussian noise is passed through the system and a half-wave linear
element. is used, then we should obtain a Rayleiéh density at the output if
the low-pass bandwidth is sufficiently wide. .If a half-wave square-law device
is used, then an.exponential density is expected. These distributions have

been obtained.and are shown in Figs. 25 and 26. Also shown here are plots
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of M [-lnil -F(z )} Jvs. Mz . For a Rayleigh distribution, this will give a
-straight line with slope 2.00. For an exponential distribution, it will give
.a:straight line with slope_ 1. 00. These data demonstrate that the system can

produce known results.

ViIi. OUTPUT SIGNAL-NOISE RATIO AND DETECTION CHARACTERISTICS
;Signal-noise ratio is not.a unique .quantity but. the following choice has
been_studied.in this work

2 2
.z, (t) -z _"(¢t) .
SNR = '*n n - . (8-1)
znz (t)

z, +n(t) is the output.-when signal plus noise is applied at the irput and
zxi“') is_the output when noise alone is present.in the _system. This .choice

of .SNR thus gives a measure .of the excess power in the output:when signal

.is applied.to the .input. .Curves in Figs. 27, 28, and 29.show the output SNR

for three nonlinearities. The half-wave square-law device gives a higher

~SNR than the half-wave linear, and the presence of a clipper on the half-wave

linear degrades the SNR,

From a detection point of view,, SNR is not necessarily.significant
and the detection characteristic is ol greater interest. This gives the
probability of detection for a given false alarm probability and this data.can
be read directly from the amplitude distribution.curves. Detection

characteristics.are given in-Figs. 30 and 31. These .c' :ves show that
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the half-wave square law and the half-wave linear devices are equivalent, and
the half-wave linear device with clipping degrades the detection characteristic.
This cannot be shown analytically, since the output distribution functions cannot
be calculated. The above can be demonstrated analytically for strictly envelope

detectors, however, for detecting signals of \inknown phase [9].

IX. FUTURE WORK

The experimental system at present simulates detection plus low-pass
integration. Other forms of integraticn will be examined, in particular, RC
integration and ideal integration, i.e., unweighted integration. The effects
of these forms of integration on signal-to-noise ratio and signal detectibility
will be examined. The effect of different nonlinear elements will also be
investigated.

An attempt to classify the distribution functions at the output of the
low-pass filter and integrator will be made using the Pearson class of
distributions and also series approximations in terms of moments. To this

end, the third and fourth moments will be measured.

BE S iy
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